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CODIMENSION GROWTH AND MINIMAL SUPERALGEBRAS

A. GIAMBRUNO AND M. ZAICEV

ABSTRACT. A celebrated theorem of Kemer (1978) states that any algebra sat-
isfying a polynomial identity over a field of characteristic zero is PI-equivalent
to the Grassmann envelope G(A) of a finite dimensional superalgebra A. In
this paper, by exploiting the basic properties of the exponent of a Pl-algebra
proved by Giambruno and Zaicev (1999), we define and classify the minimal
superalgebras of a given exponent over a field of characteristic zero. In par-
ticular we prove that these algebras can be realized as block-triangular matrix
algebras over the base field.

The importance of such algebras is readily proved: A is a minimal superal-
gebra if and only if the ideal of identities of G(A) is a product of verbally prime
T-ideals. Also, such superalgebras allow us to classify all minimal varieties of
a given exponent i.e., varieties V such that exp(V) = d > 2 and exp(Ud) < d
for all proper subvarieties U of V. This proves in the positive a conjecture of
Drensky (1988). As a corollary we obtain that there is only a finite number of
minimal varieties for any given exponent. A classification of minimal varieties
of finite basic rank was proved by the authors (2003).

As an application we give an effective way for computing the exponent of a
T-ideal given by generators and we discuss the problem of what functions can
appear as growth functions of varieties of algebras.

1. INTRODUCTION

Let F be a field of characteristic zero and F(X) the free associative algebra of
countable rank over F. Methods of representation theory of the symmetric group
or of the general linear group have been a very useful tool in the study of the T-
ideals of F(X). Recall that the theory of T-ideals is strictly related to the theory of
Pl-algebras (or algebras satisfying a polynomial identity). It is well known and easy
to see that every T-ideal I of F'(X) is the ideal of polynomial identities satisfied by
some F-algebra A, and in this case we write I = Id(A).

Regev in [26] proved that the tensor product of two Pl-algebras is still PI. The
proof was based on a comparative study of the asymptotic behaviour of a numerical
sequence attached to every T-ideal. Such a sequence is called the sequence of codi-
mensions of the T-ideal I (or of a corresponding PI-algebra). His main result in this
direction was proving that for any proper T-ideal such a sequence is exponentially
bounded (see also [23]). More precisely, for every n > 1, one considers the space P,
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of multilinear polynomials of degree n in a fixed set of variables and for a T-ideal
I defines ¢, (I) = dimp %, the nth codimension of I.

In [I1] and [IZ] the authors were able to determine the exponential behaviour
of the sequence of codimensions {cy,(I)}n>1 for any proper T-ideal I. They proved

that for any such T-ideal, exp(I) = lim 3/c,(I) always exists and is a non-negative
n—oo

integer. We call it the exponent of I. They also gave a constructive way for
computing such an integer. Since every T-ideal I uniquely determines a variety
of associative algebras V = V(I) we also write exp(I) = exp(V) = exp(A4) for any
algebra A generating the variety V or Id(A) = I.

Having at hand a scale provided by the exponent it becomes important to study
T-ideals with the same exponent and to determine those with the most distin-
guished properties. To this end, in this paper we introduce the notion of a minimal
superalgebra and we relate it to that of a verbally prime T-ideal and minimal
variety.

Recall that the Zs-graded algebras or superalgebras and their identities are an
important ingredient in the theory of Pl-algebras developed by Kemer ([21]). If G
is the infinite dimensional Grassmann algebra over F' with its natural Zs-grading
G =G99 aGM and A = A® @ AW is any superalgebra, then the Grassmann
envelope of A is G(A) = (A ® G©) & (AW @ GM). A celebrated theorem of
Kemer says that every T-ideal of F'(X) is the ideal of identities I = Id(G(A)) of
the Grassmann envelope of a suitable finite dimensional superalgebra A. Another
essential ingredient of the theory is the notion of a verbally prime T-ideal. Such
ideals were classified, and it turns out that any proper T-ideal is the ideal of identi-
ties of an algebra of the type G(A), where A is an algebra of matrices with suitable
grading.

The connection between the minimal superalgebras introduced in this paper and
the above notions is the following. We prove that a proper T-ideal I is a product of
verbally prime T-ideals if and only if I = Id(G(A)) for some minimal superalgebra
A. The exponent of the Grassmann envelope of a minimal superalgebra is readily
computed: if A = Agzs+J is the Wedderburn-Malcev decomposition of A where A
is a maximal semisimple Zs-stable subalgebra of A and J is the Jacobson radical,
then exp(G(A)) = dim As,.

The minimal superalgebras have a nice representation as upper block triangular
matrices over the algebraically closed field F' with possibly various different Zso-
gradings. In case A is a superalgebra with trivial grading, such a representation is
uniquely determined. In section [l we give some examples.

Another important concept related to the minimal superalgebras is that of min-
imal variety of a given exponent. Recall that a variety V (or the corresponding
T-ideal I = Id(V)) is minimal of exponent d > 2 if exp(V) = d and exp(U) < d for
all proper subvarieties U of V.

Drensky in [7] and [8] proved that any variety whose T-ideal is generated by a
product of commutators of length 2 or of length 3 is minimal. He also conjectured
that a variety V is minimal if and only if its T-ideal of identities is a product of
verbally prime T-ideals.

Another example of minimal variety was found in [30]. Recently in [13], [14] the
authors solved Drensky’s conjecture in the positive for so-called varieties of finite
basic rank. Recall that a variety V is of finite basic rank if V is generated by a
finitely generated PI-algebra. In this case, as it was shown in [13], [I4], V is a
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minimal variety if and only if V is generated by an upper block-triangular matrix
algebra. Here we give a complete solution of Drensky’s conjecture by showing
that a variety )V is minimal of exponent d if and only if V is generated by the
Grassmann envelope of a minimal superalgebra A. Hence the conjecture follows
from the above-mentioned result. As a consequence of the classification of minimal
varieties, it follows that surprisingly there are only a finite number of minimal
varieties of given exponent. The main results of this paper were announced in [15].

In the last section of this paper we give two applications of the theory developed
on minimal superalgebras. In the first we show how one can determine the exponent
of a T-ideal given by an explicit set of generators. In the second application we
discuss a conjecture of Regev stating that the codimension sequence of any PI-
algebra A behaves asymptotically as Cn®d™ where C is a constant, e € %Z and
d € Z. We get some results on the so-called inverse problem by exhibiting PI-
algebras with prescribed growth.

The present paper came out as a natural continuation of the results in [14]
(announced in [13]). Even though it is based on the development of the basic ideas
of that paper, we must point out that some of the techniques and ideas in this
paper are close to those of the paper [B] by Berele and Regev.

Throughout F' is a field of characteristic zero and F(X) = F(x1,za,...) is the
free associative algebra of countable rank over F'. When needed, we shall also use
different symbols for the variables of X.

Recall that a polynomial identity on an algebra A is a polynomial

f=f(z1,...,z,) € F(X)

vanishing under all valuations in A. If f # 0 we say that f is non-trivial. The
algebra A is a Pl-algebra if it satisfies a non-trivial polynomial identity. If f is a
polynomial identity on A we usually write f = 0 in A. Let Id(A) = {f € F(X) |
f=01in A} be the T-ideal of identities of A. Recall that Id(A) is invariant under
all endomorphisms of F(X). If V is a variety of associative algebras, V uniquely
determines a T-ideal I and we write I = Id(V). Also, if V is generated by the
algebra A we write V = var(A). We refer the reader to the books [29] and [9] for
an account of the basic properties of PI-algebras.

Since charF' = 0, by the well-known multilinearization process, every T-ideal
is determined by its multilinear polynomials, and we shall tacitly use this fact
throughout the paper.

2. SUPERCOMMUTATIVE ENVELOPES

In this section we shall define the superenvelope or S-envelope of a superalgebra
and we shall compare it to the Grassmann envelope of the algebra.

Recall that an F-algebra A is a Zs-graded algebra (or superalgebra) if A has a
vector space decomposition 4 = A©) @& AM such that A A© 4 AMD AL C A©)
and A©@©AM 1 AW A0 € AM) | The elements of A are called homogeneous of
degree 0 (or of even degree) and those of A(Y) are called homogeneous of degree 1
(or of odd degree).

A superalgebra A = A© @ AM is said to be supercommutative if for all homo-
geneous elements a,b € A we have that

ab — (—1)(dega)(degVpg — ),
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One defines in an obvious way a free object S of countable rank in the vari-
ety of supercommutative superalgebras as follows. Take U = {uj,us,...} and
V = {v1,v2,...} be two countable sets and define S = F[U, V] to be the algebra
generated by U UV over F subject to the conditions that the elements of U are
central and the elements of V' anticommute. In symbols,

S = (U1, v1, U2, V2, . .. | Wl = WU, ViV = —VU;, UV; = ViU, 5 =1,2,..0).

S = F[U,V] is called the free supercommutative algebra over F' on the countable
sets of commuting variables U and anticommuting variables V; it has a natural
Zo-grading S = S @ SO if we require the variables of U to be even and those
of V to be odd. The algebra S has the following universal property: given any
supercommutative algebra A, any map ¢ : {U,V} — A such that p(U) € A©
and (V) € AW can be uniquely extended to a homomorphism of superalgebras
@8 — A

A useful example of supercommutative algebra is given by G, the Grassmann
algebra on a countable dimensional vector space. We may clearly assume that

G = <’U1,’U2,...|’U1"Uj = —U;Vy, i,j=1,2,...>

sothat G C S and G = GO @ GWM is the induced Zo-grading. Thus GO s spanned
by all monomials in the v;’s of even length and GV is spanned by all monomials
in the v;’s of odd length.

Given any superalgebra A = A(® @ AM | the Grassmann envelope of A is the
superalgebra G(A) = (A® @ G) @ (AW @ GM). This has been a very useful
tool in PI-theory: Kemer showed that any variety of algebras can be generated by
the Grassmann envelope of a suitable finite dimensional superalgebra ([21]). As for
the Grassmann algebra, one can define the so-called superenvelope or S-envelope
of any superalgebra.

Definition 2.1. If A = A©® @ A(M is a superalgebra, the S-envelope of A is the
superalgebra

S(A) = (A @ 8Oy @ (AW @ sM),

It is not difficult to see that actually G(A) and S(A) have the same identities.
We prove this fact in the next lemma.

Lemma 2.2. Let A =A® @& AD be a superalgebra. Then
1) S(A) and G(A) satisfy the same polynomial identities;
2) if dimp A < oo and {ay,...,ar},{b1,...,b;} are bases of A® and A
respectively, then the subalgebra of S(A) generated by the elements
=1 Quin+ -+ ar@uik +h1 QUi+ -+ b Qui, 1 =1,2,...,

is a relatively free algebra of the variety var(G(A)) with free generators

1,82,

Proof. As we remarked above, G C S is the subalgebra generated by V. Hence
S(A) 2 G(A) and G(A) satisfies all the identities of S(A).

Now let f(z1,...,z,) be a multilinear polynomial which is not an identity of
S(A). Then there exist a1,...,a, € AQ UAD and p1,....p, € S© USD such
that

f(al ®p17aan®pn)7é0
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We may clearly assume that ay,...,a. € A9 py,....p. € SO, a,11,...,a, €
AW and pri1, ..., pn € SU. Hence, recalling that the p;’s commute or anticom-
mute among themselves, we can write

f(al QP1y---yan ®pn) = b®P1Pn
with 0 £#b€ Aand 0# py---p, € S. It is clear that the same computations show
that
flar®@ui,. .. ar @ Up,Gry1 @ V1, .oy Up @ Upyp) =b@ Uy« UpVL -+ Uy F O,
Since S is the free supercommutative algebra, the map ¢ : A {U,V} - A® G
such that
pla®v) =a®uv;, pla@u;) =a® Upt2i—1Unt2i, 1 =1,2,...,
for all @ € A, can be extended to a homomorphism ¢ : A ® S — A ® G such that
?(S(A)) C G(A). We obtain
@(f(al QUL -y G @ Up, Qpy1 @ VL, .. Qp & 'Un—v"))
= f(al Q Upt1Vn42y -+« vy G Q@ Upy 29 —1Vn42r, Qrg1 @ U1y...,0py & 'Un—v")
=b® Un+4+1Un+2 " Un4-2r—1Un42rV1 * * " Un—r 7£ 0.
Hence f is not an identity of G(A), and the first part of the lemma is proved.
Suppose now that A is a finite dimensional superalgebra and let
AO) = Spang{ay,...,ax}, AD = Spang{b1,...,b:}.

Let f(z1,...,2n) be a non-zero polynomial and suppose that f(&1,...,&,) = 0. If
€1y .., Cn € S(A), then, for all 1 <i < n, we can write

i =01Q®pi+ -+ ar@pik +b1 @i + -+ b ® i

for suitable p;; € S(O),Qij e SM . As above, there exists a homomorphism @ :
A®S — A® S such that ¢(a;) = ai, §(b;) = bj, p(uij) = pij, P(vij) = qij, 1 <i <
k,1 < j <t. It follows that f(c1,...,¢n) = @(f(&1,...,&n)) = 0 and f is an identity
for the algebra S(A). This says that the algebra generated by the elements &1, &2, . . .
is a relatively free algebra of the variety var(S(A)). Since var(S(A4)) = var(G(4)),
the proof is complete. O

3. MINIMAL SUPERALGEBRAS

Throughout this section we shall assume that F' is an algebraically closed field
of characteristic zero. It is well known (see [21]) that any finite dimensional simple
superalgebra over F' is of one of the following three types:

1) M,(F), the algebra of nxn matrices over F with trivial grading (M, (F), 0).

2) My (F)=(4E5) where A € My(F),D € M;(F), B is a k x | matrix and
C'is an | X k matrix, with grading ((4 3),(25)), 1<k < %

3) M, (F ®tF), where t> = 1 with grading (M,,(F),tM,(F)).

The following lemma holds.
Lemma 3.1. Let A be a simple superalgebra of type 1), 2) or 3). Then there exist

orthogonal idempotents ey, ...,en, € A such that e; + ---+ e, = 1 and for every
i=1,...,n, Ae; (e;A) is a minimal left (resp. right) graded ideal of A.
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The proof of the above lemma is obvious. It is enough to take ey, ..., e, to be
all diagonal matrix units in case 1) or 2) or all diagonal matrix units of A(®) in case
3).

Definition 3.2. The idempotents of Lemma BTl are called the minimal graded
idempotents of the simple superalgebra A.

Note that they are all homogeneous and lie in A,

Now let A = A©® @ AM be a finite dimensional superalgebra. For arbitrary
a = ap + a1 with ag € A® a; € AD  we define v(a) = agp — a;. Then ¢ is
an automorphism of A of order 2 and a subspace V' C A is homogeneous in the
Zs-grading if and only if p(V) C V. It follows that J = J(A), the Jacobson
radical of A, is homogeneous in the Zs-grading J = J(© @ J1) . Moreover by
the generalization of the Wedderburn-Malcev theorem given in [31] we can write
A = Ags+J, where Ag, is a maximal semisimple subalgebra homogeneous in the Zs-
grading. Also A, can be written as the direct sum of graded simple superalgebras
and since F' is algebraically closed, Ags = A1 & --- @& A,,, where Ay,..., A, are
simple superalgebra of type 1), 2) or 3) above.

Definition 3.3. A superalgebra A is minimal if it is finite dimensional and A =
Ass + J where
1) Ass = A1 @+ @ Ay, with Ay,..., A, simple superalgebras of type 1), 2)
or 3);
2) there exist homogeneous elements w2, . . ., Wm—1,m € JOUJD and mini-
mal graded idempotents e; € A1,..., e, € A, such that

CiWi i4+1 = Wi i4+1€i+1 = Wi 41, 1= 1, e, — 1,
and
wW12W23 * * * Wm—1,m #0;
3) wi2,. .., Wm—1,m generate J as a two-sided ideal of A.

Lemma 3.4. Let V be a variety of algebras over the algebraically closed field F. If
exp(V) > 2, then there exists a minimal superalgebra A with maximal semisimple
subalgebra Agq such that G(A) € V and exp(V) = dimp Ass.

Proof. By a theorem of Kemer ([21]) there exists a finite dimensional superalgebra
B such that V = var(G(B)). Let B = Bss + J where Bgs = A1 @ -+ @ A, with
Aq,..., A, simple superalgebras. Then, by the characterization of the exponent
given in [I2] it follows that there exists 1 < m < n such that Ay JAsJ - JA,, #
0 and exp(V) = dim(4; ® --- ® A,,). Hence for some w1,...,2m-1 € J,a1 €
Ay, ...,am € Ay, we have that

A12102 * * * Qpy—1 Ty —1 G, 7 0.

Moreover we may clearly assume that the elements z1,...,Zmp—1,01,...,a, are
homogeneous in the Zy-grading. Let 14,...,1,, be the unit elements of the algebras
Ay, ..., A, respectively. Then from the above inequality we can write

11(@1%1@2)12(%2&3)13 e 1m,1(xm,1am)1m 75 0

If we now decompose all unit elements 11, ..., 1,, into minimal graded idempotents
(cf. Lemma Bl), we obtain that for some e; € Ay,... e, € Ay,

e1y1e2y2 - Ym—16m # 0,
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where y1 = a1x1a92, Y2 = T2a3, - -, Ym—1 = Tm—10m- Finally, define
W12 = €1Y1€2, W23 = €2Y2€3, ..., Wm—-1,m = Em—-1Ym—1€m-
Clearly the elements wig, ..., wmn—_1,m are homogeneous in the Z,-grading and
belong to J. Also e;w;it1 = Wiit1€i41 = Wii41, for all i = 1,...,m — 1.

Now let A be the algebra generated by Ai,...,A,, and wia,...,Wn—1,m- Then
Ass = A1 @+ - @ A,y is such that dim Ay = exp(V) and G(A) C G(B) implies that
G(A) e V. O

We remark that the algebra A constructed in the previous lemma is not uniquely
determined. At the end of section [5] we shall give few examples in order to show
that even if two minimal superalgebras have the same semisimple part still they
might be of different dimension over the base field F. Nevertheless their Grassmann
envelopes satisfy the same identities.

In the next lemmas we describe the structure of a generic minimal superalgebra.
We fix the notation for the next two lemmas: A will be a minimal superalgebra,
such that A = Ags+J with Ags = A1 ®--- DA, A1,..., A, simple superalgebras,
and wig,...,Wnm—1,m € J are the homogeneous elements satisfying conditions 2)
and 3) of the definition.

Lemma 3.5. The minimal superalgebra A has the following vector space decompo-

sition:
A= @ Aij,s
1<i<j<m
where Ay1 = A1, ..., Ay = A and, for all i < j,

Aij = Ajwiip1Aipr - Ajawjq jA;

Moreover J = @,_. A;j and A;j Ay = 0 A, where §ji is the Kronecker delta.

i<j
Proof. From property 2) of the definition of minimal superalgebra, a product of the
type
A1 Wiy iy +102 ** * Wiy, iy +10k+1

with ay,...,ar € Ass is non-zero only if i1 +1 = 4o, ...,95_1 + 1 = i and a; €
Ai .. aps1 € Aj 41 (hence the product belongs to Ay, ;.. ,). It follows that A is
the sum of the subspaces A;; with 1 < ¢ < j < m. It is also clear that J = ZKJ- Aij.
The orthogonality of the graded idempotents e; € Ay, ..., e, € A, guarantees that
the sum is direct and A;; Ay = ;1 A4. O

We now assume that m > 2 and we investigate the structure of the spaces
wi_177;Aiwi,i+1, for i = 2, cee, M — 1.

If A; is a simple superalgebra of type 1) or 2), then e;A;e; = Span{e;} and

Wi—1,; AiW; 11 = Wi—1 i€;Ae;w; ;41 = Span{w;_1 ;W; 41 }-
If A, = M,,(F ®t;F) with t7 = 1 is of type 3), then e;A;e; is spanned by the
elements e; and t;e;. Hence
wi—1 i Ajw; 41 = Span{w;_1 ;W; 11, Wi—1,itiW; 41}

and, in general, the elements w;_1 ;w; ;41 and w;_; ;t;w; ;41 are not linearly in-
dependent. Note that from the inequality wiowas - - wm—1,m # 0 it follows that
Wi—1,;Wii+1 7 0.
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By extending this procedure for any ¢, j with j — i > 2, we define

Wij (Qi+1, B Qj—l) = Wi i+1Gi+1Wit1,i42 °* Wj—2,j-1¢5—-1W;5-1,5,

where ¢, = 1 if Ay is a simple superalgebra of type 1) or 2), and ¢, = 1 or g = tx
it Ay = M, (F & txF). For short we shall also write w;; for w;;(1,...,1).
The next lemma gives us the structure of A;; as an (A4;, A;)-bimodule.

Lemma 3.6. Let A be a minimal superalgebra. Then the elements

wij(qi+17 RS qj—1)7
for all possible values of gi+1, - - .,qj—1, generate A;j as an (A;, A;)-bimodule. More-
over wi; = w;;(1,...,1) generates a non-zero irreducible graded (A;, A;)-bimodule.

Proof. The first statement of the lemma is clear since

Aij = Ajwiip1Aigr - Ajrwjoa j A4

and w; i1 A1 - Aj_1w;_1; is spanned by the elements w;;(git1,...,¢j—1), for
all possible values of ¢;41,...,¢;—1. Now, for any w = w;;(¢it1,...,¢j-1) # 0,
we have that e;w = we; = w. Hence A;wA; is a non-zero irreducible graded
(Ai, Aj)-bimodule. O

4. GRASSMANN ENVELOPES OF MINIMAL SUPERALGEBRAS
AND THEIR IDENTITIES

In this section we keep the notation of the previous section. Hence F' will be an
algebraically closed field unless otherwise stated. If A is a minimal superalgebra
we assume that A has the decomposition A = A, +J = A1 8- ® A, +J and
W12, -« - s Wm—1,m € J are the elements satisfying conditions 2), 3) of the definition.
Now let f = f(z1,...,z,) be a multilinear polynomial in F(X) and let B be an F-
algebra. Let f(B) denote the subspace of B generated by all valuations f(b1,...,by)
with by,...,b, € B. If [, ] denotes the Lie commutator [z, y] = zy — yz, then, since
[f(blv SERE) bn)vy] = f([blvy]v s 7bn) +eet+ f(blv SRR [bnvy])v it follows that f(B) is
a Lie ideal of B.

Lemma 4.1. Let A = A1 ®--- DA, +J be a minimal superalgebra and suppose that
f=f(z1,...,2n) is a multilinear polynomial which is not an identity of S(A) =
(A © 5O) @ (AN @ SM), the S-envelope of A.
1) If m > 2, then f(S(A)) contains the element w1, ® p, for some non-zero
monomial p € F[U,V].
2) If m =1, then either E®p € f(S(A)) for some non-zero monomial p €
F[U, V], where E is the unit element of A or, for any two minimal graded
idempotents ey, ea € A, there exists a non-zero monomial p € F[U, V] such

that (e1 —e2) @ p € f(S(A)).

Proof. Suppose first that m = 1, i.e., A is a simple superalgebra. Since f is not an
identity of S(A), there exist homogeneous elements aq, ..., a, € A and monomials
P1y..-,Pn € F[U,V] such that f(a1 ® p1,...,an, @ pp) = a ® ¢ # 0 for some
homogeneous elements a € A, ¢ € F[U,V].

We first claim that if a is a central element of A, then the conclusion of the
lemma follows. In fact, if A is a simple superalgebra of type 1) or 2) (see section
B), then a = AE for some A € F and we are done. If A is of type 3), then, since a
is homogeneous, either a = A\FE or a = M E. In this last case one of the a;’s, say a1,
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must be of the type a; = ta} with a} € A(®). But then f(a} @ p1,...,a, @ pn) =
AE ® p’ and we are also done in this case.

Therefore we may assume that a is not central in A. Since f(S(A)) is a Lie ideal
of S(A), it contains U ® p’, where U is the Lie ideal of A generated by a. If A is
a simple superalgebra of type 1) or 2), i.e., A = My (F) with suitable grading, the
only non-central Lie ideal of A is sl (F), the Lie algebra of k x k traceless matrices.
Since in this case all minimal graded idempotents of A are diagonal matrix units,
it follows that e; — ez € U = sli(F) and (e; —e2) @ p’ € f(S(A)). If A is simple
of type 3), as above we may assume a to be a non-central element of A(®). By
applying the same arguments as when A is simple of type 1) or 2), we complete the
proof for m = 1.

Suppose now that m > 2 and we proceed by induction on m. By the first part
of the proof the case m = 1 is settled. Suppose first that f is not an identity
of one of the simple summands, say A;, 1 < i < m. By the definition of minimal
superalgebra, there exists a minimal idempotent e; € A; such that e;w; ;41 = Wi 41,
in the case ¢ < m and Wy—1,me€m = Wm—1,m in the case i = m. By the first part
of the proof there exists a @ p € f(S(A;)) such that either a = F, the unit element
of A;, or a = e; — ¢} for some idempotent e; € A; orthogonal to e;. In any case for
1 < m we have

QWi 541 " Wm—1,m = Wi i+1 " Wm—1,m,
Wiit1 " Wp—1,ma =0
and, for i = m, we have
Wim@ = W12 * " Wm—1,ma@ = W12 ** " Wm—1,m = Wim,
W1 = QW12 *** Wyp—1,m = 0.
Let p/,p” € S be such that p'pp” # 0. Then, since f(S(4;)) C f(S(A)) and
f(S(A)) is a Lie ideal of S(A), it follows that
Wi ® p'pp” = w1z wi—1,; @ P, [a® p,wiivr - Wn—1,m @ P"]] € F(S(A))

in the case i < m, and wi, @p'p = [a @ p, w1, @P] € f(S(A)) in the case i = m,
proving the lemma.

Therefore we may assume that f is an identity for Ags = A1®---P A,,. Consider
the following two subalgebras of A:

B= P 4;, c= P A4,
1<i<j<m—1 2<i<j<m

Now, if f is not an identity of S(B), then by induction either wy ,,—1 ®p € f(S(B))
for some p # 0 or Ep ® p € f(S(B)), where Ep is the unit element of B or
(e1 —e2)®@p € f(S(B)) for any two minimal graded idempotents of B. Thus in the
first case, if p’ € S is such that pp’ # 0, we get

Wim @ pp’ = (W1 m-1 Q@ P, Wm—1,m @] € f(S(A))

and we are done. In the second case, awis = w1z and wisa = 0 for a = Ep or
a = e; — eg. This implies that

Wim @ pp'p” = [[a ® p,wi2 @ p'l, waz - - Wm—1,m @ P"] € f(S(A))

and we are also done if we take p’,p” € S such that pp'p” # 0. Similarly if f is not
an identity for S(C), we also get w1, @ p € f(S(A)) for some p € S.
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Therefore we may assume that f is an identity of S(B) and S(C). In this case
all non-zero values of f belong to S(A1,,). Thus there exist homogeneous elements
UL,y ooy Uy € A, P1,...,Pn € S such that

(4.1) Jur®@p1,...,un @pp) =u®p #0
and by Lemma 3.6 we have that u = awym(q1, .. ., ¢m)b for some g1, ..., gy, and for
some a € Aj,b € A,,. Moreover some of the elements ui,...,u,, say uq,...,ux,
belong to J = @Kj Aij and ugt1, ..., Up € Ags. Let
1 1
UL = G4y Wiy 5, (ngl-)i-lv e 7q]('1)—1)bj1
k k
ke = s, Wi g, (@01 a0 )b,
where a;, € Ailvbjl € Ajl" sy QG € Aik;bjk € Ajk'

Now replace in (I) the element wy with @ = a;,w;, j,(1,...,1)b;,,... and the
element uy with @y = a;, w;, ;,. (1,...,1)bj,. Then, by the multiplication rules of A
we obtain

(U1 ®@p1y .. Uk @ Pry Uk 41 @ Prsls - Un @Pp) =UR P
where 4@ = aw1,,(1,...,1)b = awy,,b # 0.

Recall that by the choice of w;; there exist minimal graded idempotents e; €
Ay, e, € Ay, such that eywiy,, = wimem = wim. Hence since e € Ajae; and
em € embAy,, by taking p’,p” € S such that p'pp” # 0, we get

0 # wim @p'pp” € AraerwipmenbAy, @ p'pp"”
= [[A1 @ P, awimb ® p|, A @ p"] C f(S(A)).

This completes the proof of the lemma. O

Lemma 4.2. I[fA=A1®---® Ap,+J is a minimal superalgebra, then Id(G(A;))
- Id(G(Ap)) C Id(G(A)).

Proof. Let f1 € Id(G(A1)),..., fm € Id(G(Ay,)) and f = f1-++ fm. I m =1, the
conclusion of the lemma is clear. Suppose m > 1 and let A’ be the subalgebra
of A generated by Ai,...,Ap—1 and wig, ..., Wm—2.m—1. Then, by the inductive
hypotheses, f1--- fm—1(G(A’)) = 0 and this says that

Jio fm-1(G(A)) € G(A1m) @ -+ @ G(Amm).
On the other hand, f,,(G(A)) CG(41)® -+ ® G(Am—1) + G(J). Thus

f(G(A) € (G(A1m) & -+ & G(Apm))(G(A1) & -+ & G(Am—1) + G(J)) =0
since Ay = AjpAy =0foralli=1,... m, t=1,....,m—1. O

Lemma 4.3. Let A = A1 & --- ® A, + J be a minimal superalgebra. Then

S(A) contains a relatively free algebra of the wvariety determined by the T-ideal
Td(G(Ar)) -+ 1d(G(An)).

Proof. We proceed by induction on m. If m = 1, the result follows from Lemma
P2 Let m > 1 and partition each of the sets U and V into three disjoint countable
subsets

U=UuUUU, V=VUVuV.
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Hence the free supercommutative algebra S = F[U, V] contains three isomorphic
copies S = F[U,V], S = F[U,V] and S = F[U,V].

Let C be the subalgebra of A generated by Ai,...,A,,_1 and by the elements
W12, ..., Wm—2,m—1. Lhe algebra C has an induced Zs-grading C = cO g c®
and let {c§0>, ceey c&?)} and {cgl)7 . ,cg)} be homogeneous bases of C(©) and CV),
respectively.

By the inductive hypothesis the algebra S (C) contains a relatively free alge-
bra C of the variety determined by the T-ideal Id(G(Ay))--- Id(G(Am_1)) =
Id(S(Ay))---1d(S(A,—1)). But, since C is a minimal superalgebra, by Lemma
B2,

1d(€) = Td(S(A1)) - - Id(S(An-1)) € Td(G(C)),

and, by Lemma 22 1d(G(C)) = 1d(S(C)). It follows that Id(C) = 1d(5(C)), i.e.,
C is the relatively free algebra of the variety var(G(C)).
Now, for £k =1,2,..., set

Xp=> V@t + 3V 0w,
j j

where uy; € l~], Ugj € V are distinct elements. Then by Lemmal2Z2] we can suppose
that C = F{X1,X5,...} and X1, Xs,... are free generators of the algebra C.

Write A,, = B = B @ BM and take {bgo), . ..,b&?} as a basis of B(®) and
{bgl), . .,bg)} as a basis of BY. For k= 1,2,... set

0 o ~ 1) o~
Yk:Zb;)®ukj+Zb§)®’Ukj
J J

with @y, € U,Tx; € V distinct.

If B denotes the relatively free algebra of the variety var(G(A4,,)), then by Lemma
2.2, B = F{Y1,Ys,...} and Y1,Y5,... freely generate B over F. Notice that B C
S(B) and C C 5(C).

Now consider the subspace Ay,—1Wm—1,mAm = Am—1,m and let

0 0 1 1
d”,. . d0eAV, odP, L dbeal)
be a homogeneous basis. For £k =1,2,... set

0 _ 1 _
Zk:Zd§)®ukj+Zd§)®vkj,
J J

with @x; € U,T)kj € V distinct.
We shall next prove that the elements Z1, Zs, . . . generate a free (C, B)-bimodule

in S(A).
Suppose to the contrary that there exists a non-trivial relation
(4.2) Zaiijbij = 0,
0,J

where a;; € 5, bi; € B. Since any two distinct Z; and Z; depend on distinct sets
of variables uy; and Uy, from (£2)) we get a non-trivial relation of the type

(4.3) a1Z1by + -+ anZ1b, =0,
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where the elements aq,...,a, € C are linearly independent and b1, ...,b, € B are
all non-zero.

Recall that the elements b, ..., b, in the relation (&3] are polynomials in the
elements Y7,Y5,.... We next claim that we may assume these polynomials to be
multilinear.

In order to see this, suppose that b1,...,b, are polynomials in Y7,...,Y; and

pick A\1,...,A\x € F. Define a map ¢ : U UV — S by setting
e(Uij) = Ny,
P(Vij) = Aivij,
forall i =1,...,k and for all j > 1, and ¢ is the identity map on the remaining

elements of U U V. Then ¢ extends to a homomorphism ¢ : A® S — A ® S such
that

_ _JAY;, for 1 <0<k,
<‘O(Y’)_{Yi for 1 > k+1,
@(Xl) = X;, @(Zl) =7;, for i>1,
and @ is the identity map on A. Since F' is infinite, a Vandermonde determinant
argument shows that we may take bq,...,b, to be homogeneous in each variable
Y;.
In order to make by, ...,b, multilinear, we fix Y;, 1 < i < k, and we construct
an endomorphism ¢ : A ® S — A® S fixed on A such that

V(i) =Y+ Yisr, o(Y;) =Y, for j # 1,
and
V(X;) =X;, ¥(Z;) =Zj, forall j > 1.
Now in each b; appearing in (£3]) we replace Y; with Y; + Y;41. A standard multi-

linearization process leads to the linearity of the polynomials by, ..., b, as claimed.
We have proved that in relation (L3) we may take b; = b;(Y1,...,Ys), @ =
1,...,n, to be non-zero multilinear polynomials in Y7i,..., Y.

Let e,, € A, = B be the minimal graded idempotent such that wy,—1 mem =
Wy—1.m- We know, by Lemma [31] that e,, = Foo € B(® is a diagonal matrix
unit of the simple algebra B. By Lemma H], there exists a non-zero monomial
pE ﬁ[(A], V] such that either E® p € by (S(B)) or (Eaq — Ess) ®@p € b1(S(B)) for
any 3 # «. Hence there exists a valuation ¢ : Y; — h; ® p;, i = 1,...,k, where
h; € B U BMW are homogeneous elements and p; € S are monomials such that

(44) p(b;) = (Q_ N, Ea) ©p
il
with Al # 0. Now, notice that since ay,...,a, € C are linearly independent and
AL, # 0, the polynomial
(4.5) f= X X)) =D N
J

is not an identity of S(C).
Since the elements X;,Y; and Z; depend on disjoint sets of indeterminates,
we obtain that for any evaluation n : C — S(C') there exists a homomorphism
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f: AR S — A® S which is the identity on A, such that
Q(Xl) = U(Xi), = ]., 2, ey
0(21) = Wm—1,m ®p/a
where p’ = 1 if wy,—1,, is even, p’ € vV if Wy —1,m is odd, and 6 takes arbitrary
values on Yy, ..., Yy in S(B). Let
3,1
Then from (@3) it follows that
0= (a1 Zby + -+ + anZibn) = 3 0(a;) (Wen—1m © ) (3 Ny Eir) © ).
J il
Since Wm—1,m = Wm—1,mFaa, We obtain
0= 0(a;)(wn-1,m @)D Ny Eat) @ p).
J l
We now multiply the above relation by F,, ® 1 on the right, and we get
Ozze(aj)(wmfl,m ®p,)((>‘j ao ®P ZA ag W — 1m®pp
J
(46) ZAaa wm 1m®pp UZA(M wm 1m®pp
J

Since 7 : C— 8 (C) is an arbitrary evaluation and recalling the definition of f

given in (435)), from (40)) and ([@4) it follows that
F(S(C))  wpm—1.m @ p'p =0

If m > 2, then, since f is not an identity of S(C), by Lemma 1] f(S(C)) contains
the element wy ,,—1 ® p”’ for some monomial p” € S. Thus

0# Wim @D = (Wim-1®pP") Wn1.m @) € FIS(C)) - Wn_1.m @D,

and this is a contradiction.

In the case m = 2, there exists a minimal idempotent e; € A such that e;w; 2 =
wi 2 and, by Lemma ET], either F; @ p” € F(S(C)) or (e1 — €}) @ p" € F(5(C)),
where Ej is the unit element of A; and e} # e; is a minimal idempotent of 4;. We
get

07 wi2@p"p'p € f(S(O))wr2 @ p'p,
a contradiction. R

We have proved that the elements 71, Zs, . .. generate a free (C, B)-bimodule in
S(A). By [24] Theorem 1] (see also [ Theorem 3.9]) it follows that the subalgebra
of S(A) generated by X; +Y; + Z;, i = 1,2,..., is the relatively free algebra deter-
mined by the T-ideal Id(S(C))Id(S(B)) = Id(S(A1))---1d(S(Am)). By Lemma
the proof of the lemma is complete. O

Let A be a minimal superalgebra. Since by Lemma G(A) and S(A) sat-
isfy the same identities, by combining Lemma and Lemma we obtain that
Id(G(A)) = Id(G(A1)) - - - 1d(G(A,)). We record this in the following corollary.
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Corollary 4.4. If A = A1®- - - ®An+J is a minimal superalgebra, then Id(G(A)) =
Td(G(Ar)) -+ 1d(G(An)).

5. PRODUCTS OF VERBALLY PRIME T-IDEALS

Throughout this section F' will be an arbitrary field of characteristic zero, not
necessarily algebraically closed.

Let V be a variety of associative algebras. Recall that V' is minimal of exponent
d > 2 if exp(V) = d and for every proper subvariety U ;V we have that exp(U) <

d. As a consequence of the results in section [3] and section Ml we first obtain a
characterization of minimal varieties in terms of generating algebras and T-ideals.
In fact we have

Theorem 5.1. Let F be any field of characteristic zero and let V be a variety. IfV
is minimal of exponent d > 2, then V = var(G(A)) for some minimal superalgebra
A. Hence there exist verbally prime T-ideals I, . .., L, such that Id(V) =1y ---Ip,.

Proof. Let B be an algebra such that V = var(B). If F is the algebraic closure of
the field F', we form B = B ®p F. Since the nth codimension ¢, (B) of B over F
coincides with the nth codimension c¢,(B) of B over F (see for instance [L1]), it
follows that exp(B) = d over F. By Lemma 3.4, var(B) contains the Grassmann
envelope G(A) of a minimal superalgebra A and exp(B) = exp(G(A)). Since B
as an F-algebra belongs to V, it follows that G(A4) € V. By the minimality of
V we get that V = var(G(A)). Hence Id(V) = Id(G(A)) and by Corollary B4
1d(V) = I -+ I, with Iy = Id(G(Ag)), k = 1,...,m, a verbally prime T-ideal
since Ay, is a simple superalgebra of type 1), 2), or 3). O

We now recall that a T-ideal I of F(X) is verbally prime if I1Jo C I for any
T-ideals I, I implies that either I1 C I or Iy C I. By a well-known result of Kemer
([21, Theorem 1.2]), a proper ideal I is verbally prime if and only if I = G(A) for
some finite dimensional simple superalgebra A of type 1),2), or 3) as described in
section B

The previous result has a converse, as the following theorem shows

Theorem 5.2. If I1,..., I, are proper verbally prime T-ideals of F(X), then there
exists a minimal superalgebra A such that Id(G(A)) =11 - L.

Proof. Let Ay, ..., Ay, be finite dimensional simple superalgebras of type 1), 2), or
3) such that I, = Id(G(4,)), j =1,...,m. For j = 1,...,m, we define subsets
Q; as follows: if A; is of type 1) or 2), then we set Q; = {1;} where 1; is the unit
element of Aj; if A; is of type 3), ie., A; = M, ,(F' @© t;F) with t? =1, we set
Q; = {1;,t;} where 1; is the unit element of M, (F).
(@)
]
or 2). If A, is of type 3), then we let el(?) be the matrix units of A((IO).

Now let A; i1 = Aie(lil) ® e(lilﬂ)AHl be the Zs-graded irreducible (4;, A;y1)-
bimodule with even generator w; ;1 satisfying the equalities

Let us now denote by e, the matrix units of the algebra A, if A, is of type 1)

(1) (i+1)
Wi i+1 = €11 Wi i+1 = Wii+1€117 -
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More generally, for any j > i + 2 and for any ¢;41 € Qit1,...,¢j—1 € Qj—1, let
Aij(git1, .-, qj—1) be the Zs-graded irreducible (A4;, A;)-bimodule with homoge-

neous generator w; j(¢i+1,...,q;—1) satisfying the equalities
(5.1)  wij(qiy1s---5q-1) = egzl)wij((h-i-lv s qi—1) = Wi (Gt - - 7Qj—1)€§jl)-
Note that the degree of the element w;;(git1,-..,¢j—1) in the Zo-grading depends
on Git1,--.,¢j—1; in fact wij(git1,...,¢j—1) is even or odd according to whether
the number of ¢, =ty € Qq, i—l— 1 <a<j—1,is even or odd, respectively.
Now define Ay1 = Aq,...,Apm = 4, and
Aij = b Aij(Gitrs -, q5-1)-

Qit1€Qi+1,--,9j—1€Q;—1

A= P 4y

1<i<j<m

Then set

We make A into an algebra by defining the following multiplication. If a,b € A;;
for some i, then ab is the ordinary product in the algebra A;;. Forany 1 <i < j <
m, 1 <k <1 <m with j # k we set A;j A = 0. We now define a multiplication
ab where a € A;;,b € Aji, as follows: from (B.I) it follows that the elements

qiegiwij(%+1w~ »4j— 1)‘1]656)
with ¢; € Q4,...,q; € Q;, 1 < a < ny, 1 < < ny, form a linear basis of Aj;.

Denote for short g;; = (¢i+1,-..,¢j—1) and define

k

qiel wi; (Gi)aieY) - dhel win (@) diely
_ aelwi Gy a5dh @) ey, i B=7,
0, otherwise.

With this definition A becomes an associative finite dimensional superalgebra with
maximal semisimple subalgebra A; @ ---@® A,, and Jacobson radical

Clearly A is a minimal superalgebra and, by Corollary[Z4] we have that Id(G(A)) =
I Iy O

In the next theorem we generalize the defining property of a verbally prime
T-ideal to products of verbally prime T-ideals.

Theorem 5.3. Let I4,..., I, be verbally prime T-ideals and set [ = I --- I,. If
P,Q are T-ideals such that PQ C I, then either P C I or Q C I or there exists
1<k<m-—1suchthat PC I ---Iy and Q C Ixy1 - Ip,.

Proof. Suppose that P & I and Q ¢ I. Since I is the product of verbally prime
T-ideals, by Theorem there exists a minimal superalgebra A such that I =
Id(G(A)). Moreover if A = Ags+J with Ags = A1®D- - -® A,,, a maximal semisimple
Zo-stable subalgebra, then I, = Id(G(Ag)) for k=1,...,m

Since P ¢ I, there exists a smallest integer &k € {1,...,m} such that P ¢
LIy, IfQ C Iy---1,,, then we are done. Therefore we may assume that

QE Ik 1In
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Let fe P\I;- Iy and g € Q\ Ix - - - I,, be multilinear polynomials in disjoint
sets of variables. Since fg € PQ C I, we shall reach a contradiction by proving
that fg € I -+ I, = I = Id(G(A)).

Clearly m > 2. Suppose first that & # 1, m — 1. Let B be the subalgebra of A
generated by Ay, ..., Ap, wi2,...,wi—1% and let C be the subalgebra generated by
Ak, oy Ay Wh ki1, - -, Wim—1,m- Since B and C are both minimal superalgebras,
by Lemma there exist monomials p,q € S = F[U, V] such that

wir ®p € f(S(B)) and wim ® q € g(S(C)).

Since we may clearly assume that pq # 0, then f(S(B))f(S(C)) # 0, i.e., fg is not
an identity of S(A). Since by Lemma[2:2] S(A) and G(A) have the same identities,
we obtain that fg & Id(G(A)) and we are done in this case.

Suppose now that & = 1. Then as above, invoking Lemma [£1] there exist
monomials p,q € S = F[U, V] such that

wim ® q € g(S(A))
and either (e; —e}) ® p € f(S(41)) where eyw1,,, = Wi, jwim =0or EQp €

f(S(A1)) with E the unit element of A;. Again, f(S(A1))g(S(A4)) # 0 and fg is
not an identity of S(A). The case k = m is similar. O

The argument of the previous theorem can be applied in order to prove the
following

Proposition 5.4. Let I1,..., I, be proper verbally prime T-ideals and m > 2. If
for some T-ideals P,Q we have [P,Q]| C Iy -+ Ip,, then PQ+ QP C I -+ I,.

Proof. 1f either P or @) is contained in I = I; - - - I,,,, then the conclusion is clearly
true. Hence we may assume that P ¢ [ and Q ¢ I. But then by the same
arguments as in the previous theorem we obtain that PQQ C I and QP C [ as
desired. O

We conclude this section with some examples.

We first remark that any minimal superalgebra A can be realized as a subalgebra
of some block triangular matrix algebra with suitable Zs-grading. For instance, if
Ass =A@ D Ap and forall j =1,...,m, A; = My, (F) is an ordinary matrix
algebra with trivial Zs-grading, then (see [14] or [13])

]\4(11 (F) *
0

b
1%

0 o 0 My (F)

m

the algebra of upper block triangular matrices with trivial Zs-grading.

In general, if two minimal superalgebra A and B have isomorphic maximal
semisimple Zs-stable subalgebras with simple components of type 1) or 2), then
A = B as non-graded algebras. Anyway they might be equipped with distinct
Zo-gradings and might be non-isomorphic as superalgebras. Nevertheless their
Grassmann envelopes satisfy the same identities.

In case simple superalgebras of type 3) appear, then the corresponding min-
imal superalgebras may not even be isomorphic in the ordinary sense. Put in
another way, since minimal superalgebras correspond to products of verbally prime
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T-ideals, to a given product of verbally prime T-ideals can correspond distinct

non-isomorphic minimal superalgebras. We give an example to illustrate this fact.
Set My (F) = M and let

M 0 M M
R, = 0 M M M
0 0 M O
0 0 0 M

with grading

A 0 C D A0 ' D
0 A D C 0 -A -D -
0 0 B 0’0 0 B’ 0 ’
0 0 0 B 0 0 0 -B’
let
M 0 0 M
0 M M 0
B2=109 0o M o
O 0 0 M
with grading
A 0 0 C A 0 0 D
0 A C O 0o -A - 0
0 0 B O0f’(O 0 B’ 0 ’
0 0 0 B 0 0 0 -B
and let
M 0 M M
0O M 0 M
Bs=109 0o M o
0 0 0 M
with grading
A 0 C D A0 C D
0 A 0 C 0o -A o0 -
0 0 B 0]’fo0 0 B 0 ’
0 0 0 B 0 0 0 -B
where A, B,C,D,A",B',C", D' € My(F). Then R; 2 R; for all < i < j < 3

whereas

[d(G(Ry)) = 1d(G(Ry)) = Td(G(Ry)) = 1d(My(G))>.
6. S,-REPRESENTATIONS AND PI-ALGEBRAS

In this section we recall the methods of representation theory of the symmetric
group S,, that we shall need to apply in the following section.
For every n > 1, let
P, = Spanp{x,1) - Tom) | 0 € Sn}

be the subspace of F(X) consisting of all multilinear polynomials in the variables
T1,...,Tn. The symmetric group S, acts naturally on the left of P, as follows: for
o €Sy, and f(z1,...,2,) € Py,

O'f(l‘l, ce ,l‘n) = f(],‘[,(l), ce ,xa(n)).
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Hence P, is an Sp,-module and, for any Pl-algebra A, the subspace P, N Id(A) is
Sp-invariant. We let

P,
- P,NId(A)

be the induced S,-module; then the S,-character of P,(A) is called the n-th
cocharacter of the algebra A and is denoted x,(A4). Since charF = 0, every S,-
representation decomposes into the direct sum of irreducibles. Recall that there ex-
ists a one-to-one correspondence between irreducible S,,-characters and partitions
on n. If A+ n is a partition of n, we denote by x» the corresponding S,,-character.
Then the n-th cocharacter of the Pl-algebra A decomposes as

Xn(A) = Z TMAXA

AFn

Pn(4)

where my > 0 is the multiplicity of the character y) in x,(A). The study of
the sequence of cocharacters of a Pl-algebra is very useful for investigating the
asymptotic behaviour of the codimensions ¢, (A4), n — oo.

For a partition A - n let Dy be the corresponding Young diagram; usually we
shall identify A\ with its diagram. By filling up the boxes of the diagram of A with
the integers 1,...,n, one obtains a Young tableau 7). Let er, be the essential
idempotent of F'S,, corresponding to T». Recall that

er, = Z (sgnt)oT

oERT,
T€CT,

where Rr,, Cr, are the subgroups of S, preserving the rows and the columns of
T, respectively.

We define a partial order on the set of partitions as follows: given two partitions
A= (A1, ) and = (p1,..., 1), we say that A > p if & > ¢ and Ny >
M1, .. Ak > p. Notice that in the language of diagrams, A > u means that D,, is
a subdiagram of D).

Given integers [, d,t > 0 denote by

h(lydot) = (L4t L+ 1,0,...,])
—
d t

the partition whose Young diagram has the first d rows of length [ + ¢ and the
remaining ¢ rows of length [. It is clear that the corresponding diagram is hook
shaped (see the following picture):

| f

A
~

! —
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We also define an infinite hook H (I, d) as the union of all h(l,d,t), t > 1,
H(l,d) = h(l,d,t)

t>1

(see the following picture):

o

For a Pl-algebra A with cocharacter x,(A) =" ,,,, maxx we say that
xn(A) € H(l,d)

if for all n > 1 there exists t = ¢(n) > 1 such that A < h(l,d,t) for all A - n with
mx 75 0.

The importance of hooks in PI-theory is due to a theorem of Amitsur-Regev
([]) stating that for any PI-algebra A there exist two integers d,! > 0 such that
xn(A) C H(l,d). It turns out that for some Pl-algebras it is possible to determine
a minimal hook containing the cocharacter. Below we state a result that we shall
need in the next section.

Lemma 6.1 ([2]). Let B = B @ BY) be a finite dimensional simple superalgebra
over F. If dimp B®) = d, dimp BV =1, then xn(G(B)) C H(l,d) for alln > 1.

7. CLASSIFYING MINIMAL VARIETIES OF EXPONENTIAL GROWTH

In this section we shall classify all minimal varieties of algebras of exponent > 2.
Drensky in [8] conjectured that a variety V is minimal if and only if its T-ideal of
identities Id(V) is a product of verbally prime T-ideals. Here we shall prove this
conjecture.

Concerning past results, from Kemer’s work [20)] it turns out that the Grassmann
algebra G and the algebra of 2 x 2 upper triangular matrices UT generate the
only two minimal varieties of exponent 2. In [7] and [8] Drensky proved that any
polynomial of the type [z1,22] - [¥2n—_1,T2n] OF (21,22, 23] - [T3n—2, T3n—1, T3]
determines a minimal variety. Another example was given in [30] by proving that
the polynomial [x1, 22, 23][x4, z5] defines a minimal variety. In [16] all minimal
varieties of exponent 3 were classified.

Recall that a variety is of finite basic rank if it is generated by a finitely generated
algebra. In [I4] the authors classified all minimal varieties of finite basic rank by
proving Drensky’s conjecture for such varieties.

Recall that we have already proved in Theorem [B.Tlthat if V is a minimal variety
of exponent > 2, then there exist verbally prime T-ideals Iy,..., I, such that
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Id(V) =1, --- I,. In order to prove the other direction of Drensky’s conjecture we
shall next compare products of verbally prime T-ideals.

Recall that if I is a T-ideal and I = Id(V) for some variety of algebras V, then
exp() = exp(V). We start by comparing the exponent of verbally prime T-ideals.

Lemma 7.1. Let I C @ be two verbally prime T-ideals. Then exp(I) = exp(Q) if
and only if I = Q.

Proof. Let I = Id(G(A)), Q = Id(G(B)) where A = A® ¢ A B = B0 ¢ BW
are finite dimensional simple superalgebras. Denote d = dim A, ] = dim AW, s =
dim B 7 = dim BM). Then exp(l) = d + [ and exp(Q) = s + 7 (see, for example,
[12]) and, by Lemma

Xn(G(A)) C H(l,d) and x,(G(B)) C H(r,s).

Since I C @ then x,(G(B)) C xn(G(A)) C H(l,d) and, by [T2, Lemma 11], this is
possible only if » <[ and s < d.

Suppose that exp(I) = exp(Q). Then we obtain r = [ and s = d, i.e., dim A(®) =
dim B dim A®) = dim B, Now, if, say, A = M, (F) is a simple superalgebra
of type 1) (see section 3), then A(Y) = 0. But then also BY) = 0 and B is of
type 1) as well. Thus A = B in this case. If A = M,,(F & tF) is of type 3), then
dim A = 2n?. Since all simple superalgebras of type 1) or 2) have order a square,
it follows that B must also be of type 3); hence A = B also in this case. Finally
it A= M, 4 is of type 2), then B must also be of type 2). Say B = M, ;. Since
dim A® = p? + ¢ = a® + bv? = dim B® and dim AM) = 2pq = 2ab = dim BY, we
obtain ¢ = p,b = g and A = B follows. This completes the proof of the lemma. O

In the next lemma we analyze the more general situation when a verbally prime
T-ideal is contained in a product of such T-ideals

Lemma 7.2. Let m > 2 and let Iy,..., I, Q be proper verbally prime T-ideals
such that Q C Iy -+ - I,,. Then exp(Q) > exp(I1 - Ip,).

Proof. Clearly exp(Q) > exp([; - - - I,,). Hence we only need to show that exp(Q) #
exp(ly - -+ I,,). Suppose to the contrary that exp(Q) = exp(I7 - - I,,). By Theorem
there exists a minimal superalgebra A = A(® & AW with maximal semisimple
Zso-stable subalgebra Ags = A1 @ -+ ® Ay, such that [ = I --- I, = Id(G(A))
and I; = Id(G(4;)), j =1,...,m. Also, let B be the finite dimensional simple
superalgebra such that Id(B) = Q. By Lemma BTl x,,(G(B)) C H(l,d), where
d = dim B and [ = dim B"; moreover by [12], exp(Q) = exp(G(B)) = d + L.
Since by hypothesis Id(G(B)) = Q C I = Id(G(A)), then

xn(G(A)) € H(l,d).
Moreover by assumption, exp(G(A)) = exp(G(B)) = d+1. Fori =1,...,m, denote
di =dimA?, I, =dim A and ' =1+ + 1y, d =dy + -+ dpn.

For every n > 1, let W,,4m—1 be the space of all multilinear polynomials in the
variables z1,...,Zn,Y1,...,Ym—1 of the type

f(xh sy Y1, .- ?ym—l) = f1y1f2 e fm—lym—lfm

where fi,..., f; are polynomials in the z;’s. The permutation action of S,, on
the variables x1,...,x, turns W, 4,,—1 into an S,-module. Since A is a minimal
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superalgebra, Ay J .- JA,, # 0, where J = J(A) and we can apply [12, Lemma 15].
Therefore for any positive integer ¢ > 2dim A, there exists n such that

U'd +@2t—s)(I' +d)<n<ld +2t(' +d), s=4dimA,

and a polynomial f € W, 1,,—1 which is not an identity of G(A). Moreover F'S,, f =
M, the S,-module generated by f, is irreducible with character y,, where
(7.1) h(l',d 2t —s) < X< h(l',d',2t).
If we now regard Wy 41,;m—1 as an Sp4m;m—1-module (via the permutation action),
then, by the Littlewood-Richardson rule ([19, Theorem 2.8.13]), any irreducible
component of M T S, ym—1, the S, m—_1-module generated by f, is associated to a
partition g+ n +m — 1 with g > A. But then, since | +d =1’ + d’, from (Z.I) we
obtain that I’ =1 and d’ = d.

We shall reach a contradiction by proving that x,,(G(A)) € H(l,d). Now, in [12]
Lemma 15] it was also shown that there exists an evaluation

Pix1y e Ty = GATD DAy Y1y Ym—1 — G(J)

such that ¢(f) # 0 and ¢(f) € AyJAsJ--- JA,,. Since F'S,,f = M is irreducible
with character x», there exists a Young tableau T such that

eTxf = 7f7
for some 0 # v € F. We rename the variables y1 = Zp4+1,. .-, Ym—-1 = Tnym—1 and
we construct a partition p = n+m—1 and a corresponding Young tableau 7}, by the
following rules: we let pu; = A; for alli # d+1 and pgr1 = Agp1+m—-1=101+m—1.
Since D) is a subdiagram of D,, we let T}, be the tableau containing the tableau T’
and with the entries n+1,...,n+m—11in the boxes (d+1,14+1),...,(d+1,l+m—1),
respectively.

We wish to show that er, f ¢ Id(G(A)). To this end, since T} is a subtableau
of T, then, by considering the canonical embedding S,, € Sp4m—1, We get that
Cr, C CTu and Ry, C RT#'

Let ¢ be the above evaluation of f; notice that from the multiplication rules of
A, it easily follows that for any permutation p € S, ym—1, @(pf) is non-zero only
if p(n+1)=n+1,...,p(n+m —1) =n+m — 1. On the other hand, if p € Cr,
and p(n+1)=n+1,...,p(n+m—1)=n+m—1, then p € Cp,. Hence

oS saryrf) = ol 3 (semp)od)
T€CT, pECT,

If we apply the same argument to R, , R, and g = (3} (sgnp)pf, we obtain

PGCTA
pler, /) =o( Y og) =ler, f) =v(f) #0.
oE€RT,
This proves that er, f ¢ Id(G(A)) and, since p & H(l,d), we get x,(G(A)) €
H(l,d). With this contradiction the proof is complete. O

We next generalize Lemma [[.2] to the case of several factors.

Lemma 7.3. Let I1,...,1,Q1,...,Q, be proper verbally prime T-ideals such that

Then either exp(Q1---Qpn) > exp(ly---Ip) or m=nand I = Q1,...,In =
Qum-
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Proof. The case n = 1 was settled in Lemma Suppose n > 2 and denote Q' =
Q2 Qn. If either Q; or Q' is contained in I - - - I, then, since by [] exp(Q1Q’) =
exp(Q1) + exp(Q’), we obtain by induction on n that exp(Q1Q’) > exp(ly--- I,
and we are done in this case. Therefore we may assume that Q1,Q" & Iy - -« I,.

By Theorem 5.3, there exists k > 1 suchthat Q1 C I --- Iy and Q' C Ixy1 -+ Im.
Now, if k£ > 1, by Lemmal[7.2 exp(Q1) > exp([; - - - I}); hence

exp(Q1Q") = exp(Q1) + exp(Q")

> exp(ly -+ Ix) + exp(lp41 - Im) = exp(f1 -+~ L)

and we are done. Therefore we may assume that k = 1, i.e., Q1 C I;. A repeated
application of this process leads to m = n and Q1 C Iy,...,Q, C I,. The
conclusion of the lemma now follows from Lemma [711 O

As an immediate consequence of the above lemma we get the following

Corollary 7.4. Let I,...,I,,Q1,...,Q, be proper verbally prime T-ideals. Then

LIy =Q1--Qn
ifand only if m=mn and Iy = Q1,..., I = Q.

Corollary [Z4 says that all verbally prime T-ideals of the free algebra F(X)
generate a free semigroup. But this result can also be deduced from [6, Theorem
7], where it was proved that the semigroup of all non-zero T-ideals of F(X) is free.
In fact, any verbally prime T-ideal by definition cannot be decomposed into the
product of two T-ideals properly contained in it.

We are now in a position to state some interesting consequences. In the next
theorem the equivalence of 1) and 2) is Drensky’s conjecture.

Theorem 7.5. Let V be a variety of algebras over a field F' of characteristic zero
such that exp(V) > 2. Then the following properties are equivalent:

(1) V is a minimal variety of exponent d;
(2) Id(V) is a product of verbally prime T-ideals;
(3) V =var(G(A)), for some minimal superalgebra A such that dim Ass = d.

Proof. Theorem [B.1] says that 1) implies 2) and 3). Also, by Theorem and
Corollary B4l 2) and 3) are equivalent. We now prove that 2) implies 1). Let VV be
a variety of exponent d such that Id(V) = I; - - - I,5,, for some verbally prime T-ideals
Ii,..., I, and let U be a proper subvariety of V. By the proof of Theorem 1] there
exists a minimal superalgebra A such that var(G(A)) C U and exp(G(A)) = exp(U).
Let Id(U) = Id(G(A)) = Q1 - Qn, a product of verbally prime T-ideals. Since
UG VthenI -1y, S Q1---Qn and by Lemma [I.3] we get that

exp(U) = exp(Q1 - Qn) < exp(ly---In) =exp(V).

Thus V is a minimal variety. ]

Corollary 7.6. For any integer d > 2, there exists only a finite number of minimal
varieties of exponent d.
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8. SOME APPLICATIONS

The classification of minimal varieties obtained in the previous sections is an
efficient tool for the study of the growth of a variety. To this end we shall give two
applications. In the first we shall show an effective way of computing the exponent
of a T-ideal given by a set of generators; in the second we shall study the general
problem of determining which functions can appear as the growth function of a
codimension sequence.

Let V be a variety of algebras and suppose that I = Id(V) = (f1,..., fm)T,
i.e., the T-ideal of identities of V is generated by the polynomials f1,..., f;. Then
by definition, exp()) is the maximal value of exp(U), where U varies among all
minimal varieties contained in V. In other words,

exp(V) = max{exp(G(A))},

where A runs among all minimal superalgebras such that G(A) satisfies the identi-
ties f1=0,..., f,n =0.
In order to illustrate this by an example, we consider the identity of Lie solv-
ability: define s1(z1,22) = [£1,22] and inductively
Sm41(T1, -« oy Tomt1) =[S (X1, ..o, Tam ), S (Tam g1, ..oy Tgmt1)].
In short, for any polynomial f € F(X) let us write exp(f) = exp({f)r), the

exponent of the T-ideal generated by f. We remark that the exponent of several
important classes of polynomials has been computed in [5]. We have

Theorem 8.1. For any m > 1, exp(s,,) = 2™~ L.

Proof. For any m > 1, let L,, = (). Then L, = [F(X), F(X)] and L,,41 =
[Lyn, L), for all m > 1.

If m = 1, then ¢,(L;) = 1, for all n, and this implies that exp(s;) = 1 = 2°.
Let m > 2 and consider all minimal varieties V such that s, € Id(V), i.e., at
the light of Lemma [3.4] (see also the proof of Theorem B.1)), we should consider all
possible products I - - - I, of verbally prime T-ideals containing L,,. Note first that
if UTym-1 denotes the algebra of 2™~! x 2™~1 upper triangular matrices over F,
then UTym-1 satisfies s, = 0. Moreover UTym-1 is a minimal superalgebra with
trivial grading and with exponent 2™~! (see [11]). Hence

(8.1) exp(sm) > exp(UTym-1) = 2™ L.

Now let A = Ags+J be a minimal superalgebra, where Ags = A1 ®---® A, A; are
simple superalgebras, and Id(G(A)) = I --- I with I; = Id(G(4;)), j=1,....k.
Suppose that I; ...Iy O L,,. Then I; O L,,, and so G(A;) satisfies s,, = 0, for
all j. Recalling the classification of the simple superalgebras (section [B)), a direct
inspection shows that either A; = F' satisfies s1 =0, or A; = M; 1(F') and G(4;)
satisfies s3 = 0 but sp # 0, or A; = F @, F, t? =1, and G(4;) satisfies s, = 0 but
S1 5_'5 0.

First let & > 2. Since Ly, = [Lm—1,Lm—-1] € I1---Ix, by Theorem [5.3] and
Proposition [5.4] we obtain that either L,,_1 C I --- I or there exists 1 <r < k—1
such that L,,—1 C (I1-+-1,) N (Ir41 -+ Ix). In the first case, by induction on m,
exp(G(A)) < 2m~2. But exp(s,,) > 2™~ ! by (B.I); hence A can be excluded. Thus,
if k> 2,

exp(sm) < exp(ly - I) +exp(lpqq--- 1) < 2m 2 4 2m=2 = gm~1
and this, together with (81, gives the desired conclusion.
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If k=1 and m > 4, by the discussion above, exp(G) = 2 < 2™~ exp(M; 1(G))
=4 < 2™ For m = 2 or 3 one has exp(s2) = exp(G) = 2 = 2!, exp(s3) =
exp(M11(G)) =4 = 22. O

We now pass to the second application of the classification of minimal varieties
regarding the asymptotic behavior of the codimensions. Namely, we can ask for
which functions f(n) of a natural argument there exists a PI-algebra A such that
f(n) ~ ¢, (A) for some equivalence ~ of functions. Problems of this type have been
considered in various areas.

For instance if GK-dim(A) denotes the Gelfand-Kirillov dimension of an algebra
A, it is well known that for any real number o > 2 there exists an algebra A such
that GK-dim(A) = o« whereas the only real numbers < 2 that can be realized as
the GK-dimension of an algebra are 0 and 1 ([22]).

In group theory the so-called distortion functions were considered allowing the
embedding of an arbitrary group in a finitely presented group. The problem of de-
scribing such functions was posed by Gromov in [17], and in [25] Ol'shanskii showed
that any “reasonable” function can occur as a distortion function. In particular n?,
where § > 1 is any “computable” real number, can be realized as the distortion
function of the embedding of the infinite cyclic group into a finitely presented group.

Concerning the theory of Pl-algebras, as it was mentioned above, the codimen-
sion sequence of a non-trivial variety behaves asymptotically as d", for some integer
d. More precisely, the limit nhjEO v/ en(V) = d exists and is a non-negative integer
([11), [12]). A more precise asymptotic behavior of the codimensions was conjec-

tured by Regev (see for instance [2§] for a good survey on this subject). In general,
if f and g are two functions of a natural argument, define f(n) ~ g(n) if

n
lim M =1.
n—oc g(n)
Regev conjectured that for any non-trivial variety V), there exist constants C,e,d
such that
cn(V) =~ Cn®d™.
Moreover d is an integer and e € %Z.
In this direction we first prove the following result

Theorem 8.2. For any positive integer d there exists a mon-zero constant o such
that
1—d
en(V) > an™= d"
for any variety V with exp(V) = d.
Proof. First recall that the asymptotics for the verbally prime T-ideals were com-
puted by Regev in [27] and Berele and Regev in [3]. Namely,

k2

en(Mp(F)) =~ an” e 24

K2412 1 24121

an” T (k4 1) < en(Mya(Q)) < agn™ 7 (k+1)%"

and
2k2 -1

Bin~ 77 (26)" < e (Mi(G) & tMy(G)) < fon™

for some constants «, oy, as, (1, B2 such that a, ay, 51 > 0.

(k—1)2
2

(2k%)"
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Note that as a consequence, we have exp(My,(F)) = k2, exp(My,(G)) = (k+1)?,
exp(My(G)) = 2k and,

Cnd(:}) > Oznlgd7

for any prime variety V with exp(V) = d, for some constant c.
Now let A, Ay, As be Pl-algebras such that Id(A) = Id(A1)Id(As). Then, by
28, Lemma 7.6], if

(8.2)

ar,nd < en(4;) < agin™id}
for some o ;, a0 >0, v; <wuy, i =1,2, then
(83) Blnv1+v2+1(d1 + d2)" < Cn(A) < 62nu1+u2+1(d1 + d2)n

for some constants (1,32 > 0. Now let V be any minimal variety with Id(V) =
I --- Iy where I,...,I; are verbally prime T-ideals. Then, combining ([8:2) and

B3), we obtain
(V)

dr > a1 an I F T k- >an'z
where for j =1,...,k dj = exp(l;) and d = di + --- + di = exp(V). This proves
the theorem. O

The inverse problem of what constants C' and half integers e can be realized
among codimension growth functions was discussed in [10] and [18]. The precise
asymptotics have been computed for only very few varieties, and in all cases the
conjecture was confirmed.

In [14] it was shown that for any d > 2 there exists a variety V with exp(V) = d.

For the second approximation we need to compute the polynomial factor ne.
In this case the inverse problem can be formulated as follows: describe a subset
E of the real numbers such that for any e € E there exists a Pl-algebra A with
cn(A) ~ Cned™. More precisely,

e= lim log, cn(4)

n— oo dn

exists and e € E where d = exp(A). According to Regev’s conjecture, E C %Z. In
order to construct varieties with the same exponent d but with distinct polynomial
factors, we shall use the following result of Guterman and Regev

Lemma 8.3 ([I8, Corollary 2.6]). Let R be a Pl-algebra over F, charF = 0.
Suppose that for any r € R, r # 0, there exist ', € R such that v’ # 0 and
r"r#£0. If k> 2 and A C My(R) is the subalgebra defined by

A=Ren+ Y Rey,
1<i<j<k
then c,(A) =n(n—1)---(n — k4 2)cp—r+1(R).
In the following theorem we use the well-known Lagrange theorem stating that
any positive integer can be written as the sum of at most four squares. In order to

simplify the notation we write d = k% + - - + kJJQ if d is the sum of j squares, but it
cannot be written as the sum of i < j squares.
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Theorem 8.4. Given any integer d > 2, there exists a constant 0 < v < % such
that, for any integer r > 0, we can find a variety V with the property that

cn(V) =~ pnéd"

where 3 is a constant and e = % +~v+ 7. Moreover, v =0, %,
d=k? k?+k3, k¥ +k3+ k2, k¥ + K2+ k2 + k3, respectively.

3, % according as

Proof. Let R=UT(dy,...,dy) be the upper block triangular matrix algebra
Md1 (F) *

UT(dy, ... dp)=| °

0 - 0 My, (F)

m

Then by [14] (see [13]) R generates a minimal variety and ¢, (R) ~ an9d™, where
o is a constant, d = d} + -+ d2, and g = —1(d — 3m +2) = 154 4 3m=3,

Now, according to whether d can be written as a sum of m =1 or 2 or 3, or 4
squares, we obtain that g = % + 7, where v = 0 or % or 3 or %, respectively. If
we now apply to R the procedure of Lemma B3, we obtain an algebra A such that
cn(A)zﬂned"withe:15—d+'y+rforanyr:1,2,.... O
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